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Measurement of the self-intermediate scattering function of suspensions
of hard spherical particles near the glass transition
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Dynamic light-scattering measurements are reported for suspensions at concentrations in the vicinity of the
glass transition. In a mixture of identically sized but optically different particles having hard-sphere-like
interactions, we project out the incoherent~or self-! intermediate scattering functions by adjusting the refractive
index of the suspending liquid until scattering from the structure is suppressed. Due to polydispersity, crystal-
lization is sufficiently slow so that good estimates of ensemble-averaged quantities can be measured for the
metastable fluid states. Crystallization of the suspensions is still exploited, however, to set the volume fraction
scale in terms of effective hard spheres and to eliminate~coherent! scattering from the structure. The glass-
transition volume fraction is identified by the value where large-scale particle motion ceases. The nonequilib-
rium nature of the glass state is evidenced by the dependence on the waiting time of the long time decay of the
relaxation functions. The self-intermediate scattering functions show negligible deviation from Gaussian be-
havior up to the onset of large-scale diffusion in the fluid or the onset of waiting time effects in the glass.
@S1063-651X~98!12810-6#

PACS number~s!: 64.70.Pf, 61.20.Ne, 82.70.Dd
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I. INTRODUCTION

In this paper we present dynamic light-scattering m
surements of the self-intermediate scattering functions
concentrated suspensions of colloidal hard spheres. The
ticle size distribution of the spheres is such that nuclea
and crystal growth are sufficiently slow that detailed me
surements in the metastable fluids can be made and the
transition identified.

The propensity for a liquid to vitrify on cooling increase
with its molecular complexity. Network forming material
such as silica, and melts of polymers and salts are exam
of liquids that can be cooled at~experimentally attainable!
rates that drive them into glassy states. However, simple o
component fluids of spherically symmetrical molecules c
not be cooled sufficiently quickly to bypass crystallizatio
Recent computer simulations@1# indicate that glasses ob
tained by means of rapid computer quenches previously c
sidered to be stable@2# are now found to be unstable t
crystallization, challenging the notion@3# that even the sim-
plest fluid can in principle be forced into a stable glass p
vided the quench is fast enough. One exception in that
expected behavior of a quenched system of spherically s
metrical constituents appears to be a colloidal suspensio
spherical particles. Previous work@4,5# has shown that sus
pensions of similarly sized particles with hard-sphere-l
interactions show a glass transition~GT! located at the vol-
ume fractionfg>0.575, where large-scale particle diffusio
and crystallization by homogeneous nucleation stop. T

*Present address: Evotec BioSystems, Grandweg 64, 22529 H
burg, Germany.
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value found forfg is well below the volume fraction (f r
50.64) corresponding to random close packing. Whethe
not the colloidal glass ultimately crystallizes and the rate
which it does so are sensitive to the distribution of parti
radii @6# as well as gravitational effects@7#. Colloidal glasses
composed of particles with an average radius,R, less than
about 0.3mm and with a narrow particle-size distributio
~polydispersity less than about 5%! still exhibit some very
slow crystal growth seeded by secondary nuclei such as
tainer walls and shear aligned structures induced by
shear-melting process@8,9#. A recent study on a similar sus
pension of hard-sphere-like particles found the glass to
main so indefinitely on earth but to crystallize in the absen
of gravity @7#.

Since suspensions of synthetic particles have, for so
years, served as valuable experimental models in the stud
the glass transition and crystallization@5,10#, an important
issue to be addressed is the influence of the particle-
distribution on the lifetime of the metastable fluid states,
volume fractionsf,fg , and the stability of the glass. W
first reiterate some of the differences between colloidal a
simple atomic matter.

Taking the coarse-grained view, a suspension of partic
having radii several thousand times those of atoms, can
regarded as a collection of superatoms moving about in
incompressible fluid. One consequence of this size dispa
is that number densities of suspensions are some 10 orde
magnitude smaller than those of atomic materials so
excess thermodynamic properties, such as specific hea~an
important indicator in phase-transition studies!, are propor-
tionally smaller and, therefore, effectively inaccessible. C
respondingly weak lattice forces allow shear melting of c
loidal crystals by applying very modest shear stresses@11#.
The diffusive particle motions are also corresponding
m-
6073 © 1998 The American Physical Society
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slower. This brings crystallization processes into a con
niently accessible time frame. Furthermore, the suspen
fluid presents an effective thermal bath. This simplifies cr
tallization and glass-transition dynamics by removing co
plications associated with slow dissipation of thermal gra
ents, which may be generated during crystallization, a
effectively suppressing phonon-activated processes,
cesses purported to be responsible for ergodicity restora
in molecular glasses. In this regard colloidal suspensions
more compatible than molecular systems, with the assu
tions upon which classical nucleation theory@12# and mode-
coupling theory of the GT@13#, for example, are based
Other notable differences are that the suspension volu
rather than pressure, remains fixed during a phase cha
and quenched states are produced by shear melting of co
dal crystals. There appears, therefore, to be a tendency
~density or shear! quenched colloidal fluid to have nonequ
librium structures whose shapes, rather than size, are inc
patible with the thermodynamic conditions that pertain in
immediate wake of a quench.

Here we report measurements of self-~or incoherent! in-
termediate scattering functions~ISF’s! in mixtures of poly-
mer and silica particles. These particles have the same a
age radius and the same hard-sphere-like interacti
Compared with the particles used in previous work@4,5#, the
polymer particles used in the present experiments hav
particle-size distribution~PSD! that is slightly broader and
asymmetric. This causes a significant retardation in
nucleation rate~for f,fg) @6,14#, thereby increasing the
lifetimes of the metastable colloidal fluid states and facilit
ing the acquisition of ensemble averages over the par
dynamics in those states. A further consequence of
broader PSD is that crystal growth is completely suppres
in the glass@6# (f.fg). However, we exploit the fact tha
at lower volume fractions these suspensions still crystall
albeit very slowly, in order to define effective~hard-sphere!
volume fractions of the samples by identifying the observ
freezing-melting transition with that known for hard spher
and also, since we wish to isolate the self-ISF, to elimin
scattering from the structure.

In this study we also address two further issues raised
previous work.~i! The first is the influence of multiple sca
tering. Here we overcome this by using a relatively n
two-color cross-correlation spectrometer that suppres
multiple scattering@15#. ~ii ! One might question whether re
sults obtained in one measurement, or compiled from a sm
number of independent measurements, are truly represe
tive of the ensemble, not just in the glass phase but, perh
more importantly, in the fluid phase close to the GT whe
the time scales of the slowest density fluctuations are c
parable to the duration of the measurement. These conc
are essentially eliminated by techniques employed here
provide efficient sampling of large numbers of independ
spatial Fourier components of the density fluctuations.

This paper is arranged as follows. Experimental metho
described in the following section, comprise a description
the properties and preparation of the samples, the meth
used to measure the self-ISF’s, the multiple scattering s
pression spectrometer, and the procedures by wh
ensemble-averaged ISF’s are obtained. Results are pres
and discussed in Sec. III, where we describe the wave-ve
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dependence of the measured ISF’s and the particle m
squared displacements. Results are also discussed in rel
to mode-coupling theory of the GT. Finally, conclusions a
presented in Sec. IV.

II. EXPERIMENTAL METHODS

A. Sample description

The suspensions comprise mixtures of polymer partic
~98% of total particle volume! and silica particles~2%! sus-
pended incis-decalin. Importantly, both particle types hav
nearly the same average radius~Table I! and they are steri-
cally stabilized by the same coating of poly-1
hydroxystearic acid of thickness about 10 nm@16#. However,
the polymer particles differ from those used in previous wo
@4,5,16# in two respects.

First, the cores of the polymer particles are composed
copolymer of methylmethacrylate and trifluoroethylacryla
@p-(MMA/TFEA) #. Inclusion of TFEA~at 24% of the total
polymer weight! slightly lowers the refractive index of the
particles, relative to those of purep-MMA used previously.
As a consequence, suspensions of copolymer particles a
concentration are transparent incis-decalin. Furthermore, the
suspension’s turbidity can be tuned quite finely by varyi
the temperature@17#. Suspensions of particles with cores
pure p-MMA are generally too opaque for light-scatterin
experiments without the addition of a second solvent wit
refractive index that is greater than that of decalin@16,17#.

Second, the PSD of the polymer particles, as prepare
the polymerization of MMA and TFEA, is slightly broade
and negatively skewed; we find that the wave-vector dep
dence of the scattered intensity and the diffusion coefficie
measured on dilute suspensions, can be reconciled wi
PSD approximated by the sum of two Gaussian distributi
with average radii 207 and 176 nm, amplitudes 1 and 0
respectively, and the same polydispersity of 0.045@18,19#.
One can therefore regard the suspension of the polymer
ticles, albeit simplistically, as a bimodal system of ha
spheres with radii in the ratiog5176/20750.85 and number
fraction X of large spheres of 0.83.

Recent crystallization studies on bimodal suspensions
colloidal hard spheres withg50.83@14# found that, due pos-
sibly to partitioning of the species on solidification, nucl
ation slows rapidly whenX is deceased only slightly from
unity. Accordingly, we infer that the slow crystallizatio
rates, which we find here to be at least 103 times slower than
structural relaxation rates, are due to the finite spread of
ticle radii. This property of the suspensions is obviously i
portant as far as the experimental viability of the metasta
fluid and glass formation are concerned. While a small d
tribution of particle radii has a dramatic effect on crystal
zation, ISF’s are barely affected@14#. This lends justification
to drawing comparisons between the relaxation functio

TABLE I. Average particle radii and polydispersities. See te
for details of the particle size distribution.

Species Radius~nm! Polydispersity

Silica 200 0.02
Polymer 200 0.06



ol
c
rl
ay

p
re

io
f

n
g

n
nl
m

re
o

le
c

er
y
D

a
th
v
r
u

-
ti

e
v

w-

ar-
d

-

e
ll

ts,

g
ed
n
ntil

he
m-
at

-
hell

we

ors

thin

PRE 58 6075MEASUREMENT OF THE SELF-INTERMEDIATE . . .
measured on these polydisperse suspensions and those
dicted for ideal one-component systems.

Despite the slow crystallization, in samples with net v
ume fractions between the freezing and melting values,
existing colloidal fluid and crystal phases can still be clea
delineated when they are left undisturbed for several d
@6#. Thus, as described elsewhere@8,20#, in order to take
account of the finite range of the solvated steric layer, sam
volume fractionsf are expressed in effective hard-sphe
terms by identifying the observed freezing concentrat
with the freezing volume fraction,f f50.494, of a system o
perfectly identical hard spheres@21#. ~However, see@22#.!

Samples were prepared at the required volume fractio
0.4<f<0.6, in cylindrical glass cells of 1 cm diam, usin
procedures described previously@4,16#. We mention only
that samples are effectively quenched by tumbling them o
rotary vortex mixer for about one day. This process not o
disperses the particles but, as already mentioned, shear
any crystals that may be present.

B. Dynamic light scattering: Self-intermediate
scattering functions

In order to obtain the self-~incoherent! intermediate scat-
tering function from light-scattering measurements, we
quire a suspension of particles that have a distribution
scattering amplitudes. The refractive indices of the partic
and/or solvent must then be adjusted until the average s
tering amplitude is zero.

As described in Sec. II A, we use a mixture of polym
and silica~2% by volume! particles. Both particle types carr
the same stabilizer and, as far as can be ascertained by
they have the same average radius~Table I!. As argued else-
where@24#, one expects, as a result of the range~'10 nm! of
the steric barriers, the small concentrations of the silica p
ticles, and the close matching of the refractive indices of
solvent and polymer particles in these suspensions, that
der Waals attractions should be effectively eliminated. Fo
mixture such as this, consisting of dynamically identical b
optically contrasting particles, the particle positionsr j and
their scattering amplitudesbj (q) are statistically indepen
dent, so that the measured intermediate scattering func
F (m)(q,t) is resolved as follows@25#:

F ~m!~q,t!5~Nb2!21K (
j ,k

bjbk exp$ iq•@r j~0!2r k~t!#%L
5

b̄2

b2
F~q,t!1S 12

b̄2

b2D Fs~q,t!, ~1!

wherebm5N21S jbj
m(q),

F~q,t!5N21K (
j ,k

exp$ iq•@r j~0!2r k~t!#%L ~2!

is the coherent ISF,

Fs~q,t!5^exp@ iq•Dr ~t!#& ~3!

is the self-ISF, andDr (t) is a particle’s displacement in tim
t. Angular brackets appearing above denote ensemble a
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ages. The zero-time values of the above ISF’s areFs(q,0)
51 and F(q,0)5S(q), where S(q) is the static structure
factor. After expanding the exponential in Eq.~1! and en-
semble averaging individual terms, one arrives at the follo
ing result@26#:

Fs~q,t!5expF2
q2^Dr 2~t!&

6 G
3H 11

1

2 Fq2^Dr 2~t!&
6 G2

a2~t!1¯J , ~4!

where

a2~t!5
3^Dr 4~t!&
5^Dr 2~t!&221 ~5!

is the first non-Gaussian correction to the distribution of p
ticle displacements. Equation~4!, truncated at the secon
term in the curly brackets, can be solved for^Dr 2(t)&, the
particle mean-squared displacement~MSD!, anda2(t) from
measurements ofFs(q,t) made at two different wave vec
tors. Alternatively, ^Dr 2(t)& can be extracted from the
Gaussian approximation for the self-ISF,

Fs~q,t!5expF2
q2^Dr 2~t!&

6 G , ~6!

which is recovered from Eq.~4! when the quantity
q2^Dr 2(t)&/6 is small. This result approximates in the tim
window whereFs(q,t).e21, i.e., at short times or at sma
q, where ln@Fs(q,t)#/q252^Dr2(t)&/6 is independent ofq.
Short- and long-time single-particle diffusion coefficien
Ds andDl , are defined by

Ds5 lim
t→0

^Dr 2~t!&
6t

, Dl5 lim
t→`

^Dr 2~t!&
6t

. ~7!

At t50, Eq. ~1! reduces to

F ~m!~q,0!5
b̄2

b2
S~q!1S 12

b̄2

b2D . ~8!

From Eq. ~1! it follows that when the average scatterin
amplitudeb̄ vanishes, the only contribution to the measur
ISF, F (m)(q,t), is the self-ISF. We determine this conditio
by varying the temperature of a crystallized suspension u
the main Bragg reflection, centered atq5qm ~where qmR
>3.4), is no longer visible. The sample is rotated in t
spectrometer during this process in order to optimize sa
pling over crystal orientations. By this means we find th
b̄(qm)50 at the temperatureTm520.4 °C. Due to the pres
ence of the stabilizing layer, the particles have a core-s
structure. Consequently, the match conditionb̄(q)50 is
strictly obtained only at discrete wave vectors. However,
find that the initial decay ofF (m)(q,t) scales withq2, as
expected for the self-ISF, over the range of wave vect
0.3qm<q<1.3qm at the temperatureTm . We infer, there-
fore, that scattering from the structure is suppressed, wi
experimental accuracy, not just atq5qm but over the whole
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range of wave vectors where the measurements have
made. The latter (0.3qm<q<1.3qm) corresponds to the
range of spectrometer angles, 20°<u<60°, which is limited
by the instrument at the lower end and an impracticably p
signal due to the emergence of multiple scattering~Sec. II C!
at the other. Despite the fact thatb̄50, the amplitude of the
incoherent ISF@the second term in Eq.~8!# is appreciable;
inclusion of 2% silica particles increases the turbidity fro
0.3 to 3.1 cm21 at the match temperature. Hence the bre
down of the first Born approximation must be considered

C. Dynamic light scattering: Suppression of multiple
scattering

Dynamic light-scattering~DLS! measurements were pe
formed with an ALV two-color multiple scattering suppre
sion spectrometer, described in detail in Ref.@15#. In this
instrument two focused laser beams, the blue~488 nm! and
green~514 nm! lines of an argon ion laser, cross on the a
of the cylindrical sample cell. The main difference in o
setup from that depicted in Ref.@15# is that the two colors
are selected and separated by passing the beam of a s
argon ion laser, operating simultaneously in all lines, throu
a triangular prism. Two detectors and associated detec
optics are placed so that the detected beams have the
crossing angle as the incident beams. The relationship
tween this crossing angle and the scattering angle is such
the scattering process by the two colors incurs exactly
same momentum transfer~i.e., scattering vectorq!. Only the
light that has been scattered once samples the same s
Fourier component of the refractive index~or particle con-
centration! fluctuations for the two colors. Translational in
variance in the sample ensures that only the singly scatt
light survives cross correlation of the blue and green sign
I B and I G , from the two detectors. The resulting cros
correlation function,

gc~q,t!5
^I B

s ~q,0!I G
s ~q,t!&

^I B
s ~q!&^I G

s ~q!&
, ~9!

corresponds to the autocorrelation functiong(q,t) of a
single spatial Fourier component of the intensityI (q,t) of
singly scattered light.

From the zero time valuegc(q,0) of Eq. ~9!, one can
calculate the ratiob5A^I B

s &^I G
s &/^I B&^I G& of intensities cor-

responding to single and total scattering of light by t
sample@15#. This quantity, shown in Fig. 1, illustrates th
magnitude of multiple scattering typical in our samples. F
ure 2 compares ISF’s obtained from the standard autoco
lation function of the total scattered intensity, of either t
blue or green laser lines, with that obtained from the cro
correlation function@Eq. ~9!#. One sees that the distortion o
the ISF’s caused by multiple scattering, while negligible
the larger wave vector, is appreciable at the lower wave v
tor, particularly at intermediate and long times. On the ot
hand, it appears that for dilute suspensions, which have
bidity comparable to that of the concentrated sample stud
here, multiple scattering distorts the ISF at short times~see
Fig. 6 of Ref.@15#!. These examples illustrate that the infl
ence of multiple scattering is, in general, difficult to gaug
Although multiple scattering can, to an extent, be elimina
en
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by using sample cells with shorter path lengths, their u
severely impedes mixing of the most concentrated and
cous of the samples studied here.

Even when the multiple scattering suppression instrum
is optimally aligned, the overlap of scattering volumes c
responding to the two colors is still incomplete. This, pl
the effects of multiple scattering, reduces the amplitude
the ~normalized! intensity correlation function~ICF! @15#.
Thus, even for a dilute~ergodic! sample, the zero time valu
g(q,t) of the ICF measured by a cross-correlation, multip
scattering suppression instrument is less than the ideal v
of 2 expected when the light scattered by the~Gaussian!
temporal fluctuations of a single spatial Fourier compon
of the concentration is intercepted by one detector. It is
possible in practice to unambiguously resolve the effects
g(q,0) due to incomplete overlap of scattering volume
multiple scattering, and suppression of concentration fluct
tions in a~nonergodic! sample. Consequently, the procedu
introduced by Pusey and van Megen@27#, which relates the
~ensemble-averaged! ISF to a single measurement of th
time-averaged ICF for a nonergodic sample, but which
sumes that any reduction ing(q,0) from an ideal value is
entirely due to suppression of concentration fluctuations
the experimental time scale, can no longer be applied.
this reason, and also because we want to avoid any assu
tion concerning the duration of concentration fluctuatio
relative to the experimental time, we employ the more ela
rate procedures for obtaining estimates of ensemble-aver
quantities discussed below.

D. Dynamic light scattering: Ensemble averaging

For sample volume fractionsf less than about 0.56, th
slowest concentration fluctuations relax in less than abou
s @4,5#. Therefore, an experiment lasting several thousa
seconds captures a sufficiently large number of indepen
fluctuations that is representative of the ensemble. In th

FIG. 1. The quantityb as a function ofqR showing the magni-
tude of multiple scattering in a suspension atf50.5.
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cases the time-averaged ICF, measured in a DLS experim
is equivalent to its ensemble average, i.e.,

g~q,t!5
^I ~q,0!I ~q,t!&T

^I ~q!&T
2 5

^I ~q,0!I ~q,t!&E

^I ~q!&E
2 . ~10!

Here I (q,t) is the instantaneous intensity at timet, q is the
magnitude of the scattering vector, and^ &T and^ &E denote
time and ensemble averages.

When the sample volume fraction is increased beyo
about 0.56, fluctuation times lengthen to an extent wh
they approach and ultimately exceed the measurement
T (;10 000 s). In these cases we use a combination of
methods.

FIG. 2. Self-intermediate scattering functions obtained from
cross-correlation function~open circles! of the intensitiesI B andI G

and the autocorrelation function~pluses! of either I B or I G in a
suspension atf50.5, as a function of time~in seconds!: ~a! qR
52.9 and~b! qR53.9.
nt,

d
e
e

o

~i! The first, described by Xueet al. @28#, entails continu-
ous measurement of the ICF while the sample is rotated
constant speed of about 1024 revolutions per second. Th
resulting ICF,gc(q,t), has a cutoff at a timetc;1 s that
corresponds to the residence time of a speckle at the dete
However, since the number of independent spatial Fou
components sampled in this process is of order 104, it is
expected to yield a reasonable estimate of the ensemble
erage for the ICF for delay times up totc .

~ii ! The second method measures the ICF for longer de
times. The clock in a computer controls sample rotati
achieved by a stepper motor, and also sequentially trigg
up to 4000 correlators in the computer software@29#. The
rotational frequency;1 s21 was chosen so that there is som

FIG. 3. Results, forf50.565, obtained by continuous samplin
~open circles!, ‘‘brute force’’ method ~open squares!, interleaved
sampling~closed circles!, and quartz glass~crosses!. ~a! Normalized
intensity autocorrelation functions and~b! intermediate scattering
functions vs log time~seconds!. Inset shows the time interval wher
continuous sampling and the ‘‘brute force’’ methods overlap.

e
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overlap of the delay times of the ICF,gI(q,t), obtained in
this interleaved sampling scheme and that,gc(q,t), obtained
by continuous sampling. In order to avoid the possibility
shearing the sample in the scattering volume, centered on
cell axis, the sample cell was slowly accelerated to a cons
rotational frequency. About 30 min were then allowed
elapse before commencing the measurement. No influe
on the measured correlation functions was observed w
these startup conditions were varied.

Clearly, the efficacy of this method relies on the ability
the mechanism to return the same speckle~s! to the detector
for each revolution. Reduction in amplitude of the IC
amounting to 40%, due to the combined effects of rand
repositioning errors and averaging over multiple speck
was determined by measuringgI(q,t) of a cylindrical quartz
rod. However, since no appreciable decay of the ISF is
dent at long times@Fig. 3~b!#, systematic repositioning error
or long-term instabilities in the equipment are negligib
Differences of the amplitudes of the ICF’s obtained by t
two methods necessitates scaling ofgI(q,t) so that it meshes
with gc(q,t) aroundtc .

The ICF obtained by combining these procedures is
garded as the ensemble-averaged ICF,g(q,t) defined in Eq.
~10!, and, like the result obtained by the more straightf
ward standard method for less concentrated suspension
related to the ISF,F (m)(q,t), by the usual Siegert relation
ship @30#,

g~q,t!511cUF ~m!~q,t!

F ~m!~q,0!
U2

. ~11!

The quantityc(<1) is determined by the random repositio
ing errors, mentioned above, by the ratio of the cohere
area, or speckle size, to the detector area, and by the fa
associated with suppression of multiple scattering discus
in Sec. II C.

ICF’s obtained by the methods described above are sh
in Fig. 3~a!. Also shown is the ICF obtained by a ‘‘brut
force’’ ~ensemble! average~described in Ref.@4#! over 4000
independent measurements of 75 s duration. The ISF
tained from these data after scaling is shown in Fig. 3~b!.
Note that up to the cutoff time,tc;1 s, the ISF’s determined
by continuous sampling and the ‘‘brute force’’ method a
indistinguishable. Significantly, the final ISF represents
average over several thousand independent spatial Fo
components of the sample’s refractive index fluctuations
spans a time window of more than 11 decades.

III. RESULTS AND DISCUSSION

A. Self-intermediate scattering functions:
Non-Gaussian effects

In the following, all distances are expressed in units of
particle radius,R, and times in units of the Brownian time
tb5R2/(6D0) (50.0215 s), whereD0 is the free-particle
diffusion constant. In these units,^Dr 2(1)&51 for a freely
diffusing particle.

Figure 4 shows self-ISF’s forf50.405, expressed as
26(qR)22 ln Fs(q,t) versus t, for several wave vectors
Mean-squared displacements obtained from these result
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also shown. At short times@Fig. 4~a!# the data converge to a
single curve indicating that scattering from the structure~i.e.,
the coherent ISF! has been suppressed. In view of this, t
systematic departures fromq2 scaling seen at longer time
@Fig. 4~b!# must, according to Eq.~4!, be due to non-
Gaussian effects. The double logarithmic plot@Fig. 4~c!# pre-
sents a better display of the dynamic range.

As in earlier work@24#, we also find here in the case o
the equilibrium fluid (f,f f) that the maximum value
amax@5max„a2(t)…#, of the non-Gaussian term compatib
with these data is no more than about 0.2. Such small n
Gaussian effects will be hidden by random experimental
rors unless the ISF’s are based on exceedingly large
sembles of independent fluctuations@31#. At much higher
volume fractions, such asf50.583 also shown in Fig. 4
deviations fromq2 scaling are random, despite the fact th
each of the ISF’s comprises an average over some 4000
dependent spatial Fourier components of the concentra
fluctuations. A consequence is that, within experimen
noise, the quantity (26/q2)ln„Fs(q,t)… is independent of
wave vector@Fig. 4~c!#. So for the purpose of discussing th
large changes in particle dynamics that accompany trave
of the GT ~Sec. III C!, we presume that a good estimate
the MSD can be obtained by invoking the Gaussian appro
mation @Eq. ~6!# for the self-ISF measured atq50.3qm
(qR51.3).

In an attempt to quantify the maximum possible value
the non-Gaussian term that could be hidden by the nois
the data, we calculateFs(q,t) from Eq. ~4!, truncated at the
second term in the curly brackets, for several wave vect
1&qR&5, spanned in our experiments. For this purpose
employ the following expressions for the MSD@32# and
a2(t) @33#:

^Dr 2~t!&5t2~12Dl !~t1e2t21!, ~12!

a2~t!5
amaxt

~t11!2 . ~13!

We note that the ISF calculated from the above express
does not describe all of the features, such as stretching,
served in relaxation functions in the vicinity of the GT. How
ever, they suffice for the present purpose, which is to de
mine the extent to which non-Gaussian contributions to
particle displacements cause deviations fromq2 scaling of
the self-ISF’s. In Eqs.~12! and~13!, the timet51 represents
the beginning of the crossover from small-scale to lar
scale diffusion andDl is the long-time self-diffusion coeffi-
cient as defined in Eq.~7!. Equation~12! is a result of the
trapping diffusion model, proposed by Hiwatariet al. @33#,
and it is selected here simply because it ensures that
non-Gaussian term is small at short times, increases toamax
at t51, and converges to zero at long times. Results
log10@(26/q2)ln„Fs(q,t)…# computed with Eqs.~12!, ~13!,
and ~4! are shown in Fig. 5 for two values ofDl and two
values foramax. Note that the respective axes of the com
puted ~Fig. 5! and experimental@Fig. 4~c!# results span the
same ranges. For the reason mentioned above, the pr
extent of compatibility of the computed and experimen
results is not importantper se. However, a comparison a
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FIG. 4. Particle mean-squared displacements~solid line! and the quantity26(qR)22 ln Fs(q,t) at qR52.0 ~diamonds!, 2.9~squares!, 3.4
~circles!, and 3.8~triangles! as functions of~dimensionless! time for f50.405, andqR51.3 ~pluses!, 3.8 ~diamonds!, and 5.3~circles! for
f50.583. ~a! and ~b! display the results on different time scales.~c! The particle mean-squared displacement and the quantity l10

@26(qR)22 ln Fs(q,t)# vs the logarithm of~dimensionless! time. Note that in this and the following figures, time is expressed in units of
Brownian time,tb5R2/(6D0).
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both volume fractions does reveal that the largest system
deviations fromq2 scaling inFs(q,t) that could possibly be
obscured by the noise in the data may correspond to a
Gaussian contribution no larger than about 0.2. Similar
sults are obtained for volume fractions between those
picted in Fig. 4.

We will show below~Sec. III B! that the suspension un
dergoes a GT atfg50.573. Hence, the more interesting im
port of the above results is that there is no noticeable
crease in non-Gaussian effects as the GT is traversed
the fluid side. We point out, however, that this inferen
applies to times for which the MSD̂Dr 2(t)&&1 in the fluid
or, in the case of the glass,^Dr 2(t)&&0.1. Beyond this our
data, mainly for larger values of the wave vector, beco
tic

n-
-

e-

-
m

e

increasingly subject to statistical errors@bear in mind that
F(q,t);exp(2q2Dt)#. As discussed in Ref.@24#, in order to
be confident that the ISF’s are not affected by system
errors incurred by scattering from the structure, it is adv
able to base the calculation ofa2(t) on self-ISF’s measured
over a range of wave vectors that span the position of
first maximum of the structure factor.

Computer simulations, both molecular@33,34# and
Brownian @35# dynamics, find that correlated jump motion
become increasingly prevalent as a liquid is supercoo
Moreover, these atoms, with appreciably larger than aver
mobility, occur in clusters whose size increases w
~super!cooling @36#. However, their occurrence, manifeste
macroscopically by non-Gaussian displacement statistics
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not evident until the average atomic motion, as read from
MSD, has become diffusive, i.e., where^Dr 2(t)&'1 @37#.
Thus, on the basis of the present results the behavior of
loidal suspensions should not necessarily be seen as co
dictory to that found in computer simulations of atomic fl
ids. We are investigating this issue further and we anticip
reporting on it in the near future.

B. Self-intermediate scattering functions:
Mean-squared displacements

Figure 6 shows the self-ISF’s, measured atqR51.3, ver-
sus dimensionless time for volume fractions ranging fr
infinite dilution to f50.583. Note the progressively slowe
decay of the ISF’s as the suspension’s volume fraction
increased. The sample atf50.566 is the most concentrate
for which the ISF still decays to zero in the experimen

FIG. 5. The quantity log10@26(qR)22 ln Fs(q,t)# calculated
from Eqs.~12!, ~13!, and~4! for log10(Dl)521 ~upper curves! and
25 ~lower curves! for qR51, 3, and 5 shown as functions of th
logarithm of time. The bold curves show log10@^Dr 2(t)&#.
e

l-
tra-

te

is

l

time of t5106 ~this corresponds to about 23104 s). The
ISF’s of suspensions at higher volume fractions fail to dec
completely in the experimental time window although th
show some downward curvature at long times. We will d
cuss this feature in Sec. III C.

As discussed in Sec. III A, the quantities log10@(26/
q2)ln„Fs(q,t)…# measured atqR51.3 are now equated with
the MSD’s@Eq. ~6!# and are presented in the form of doubl
logarithmic plots as functions of time in Fig. 7. Diffusiv
motion @i.e., where^Dr 2(t)&}t# can be identified by those
regions where the data follow straight lines of unit slope.
expected, this occurs over the whole range of access
times only for a very dilute suspension, where the parti
motion is characterized by the free-particle diffusion coe
cient D0 . At higher volume fractions, diffusive motion i
seen at short times, prior to appreciable change to the par
MSD @^Dr 2(t)&&0.01#, and at long times@^Dr 2(t)&*1#
during which a particle experiences many~statistically inde-
pendent! environments of neighbors. The increasing pers
tence of this environment, expected with increasing volu
fraction, is indicated in the lengthening subdiffusive regi
that connects the short- and long-time diffusive motions. F
f.0.573 it is no longer possible to unambiguously ident
a diffusive regime at long times.

Short- and long-time self-diffusion coefficients,Ds and
Dl , are shown in Fig. 8 along with corresponding results
earlier measurements from Ref.@16#. Where the two sets o
results overlap, 0.4,f,0.5, discrepancies are apparent. W
proffer two possible sources of overestimation of the lon
time diffusion coefficients in Ref.@16#. First, in the older
work the effects of multiple scattering were not consider
One sees from Fig. 2 that multiple scattering enhances
rate of decay of the ISF’s. Second, the linear, 100-chan
single-bit correlator used in the experiments of Ref.@16# lim-
its more severely than that of the ALV5000 correlator us
here, the extent to which the decay of ICF’s can be follow
to long times.

The ratioDl /Ds represents a quantitative indication of th
lengthening, or ‘‘stretching,’’ of self-ISF’s asf is increased.
One can readily verify that at infinite dilutionDl /Ds51,
whereas atf50.566 Dl /Ds'431025. These results also
suggest the convergence ofDl to zero, i.e., a glass transition
at fg50.57. However, small-scale motion, indicated byDs ,
persists beyond this volume fraction and it is not until t
particles are fully compressed, by centrifuging the susp
sion to random close packing, that no decay of the ISF
observed~see Fig. 5 of Ref.@38#!. In the absence of solvent
mediated hydrodynamic interactionsDs5D0 @10#, i.e., the
short-time diffusion coefficient is independent of the volum
fraction. Thus the reduction inDs seen with increasingf,
and its possible convergence to zero atf r , must be due
entirely to hydrodynamic effects.

C. The glass transition

The suggestion of a GT atfg50.57 seems incompatible
with the persistent downward curvature of the self-ISF’s
long times~Fig. 6!, even when the suspension volume fra
tion is increased beyond 0.57. Note that, due to the sligh
larger polydispersity and the more efficient procedures
estimating ensemble averages, it has been possible to ex
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FIG. 6. Self-intermediate scattering functions,Fs(q,t), vs logarithm of~dimensionless! time for suspension volume fractions~left to
right! f'0 ~bold line!, 0.466~squares!, 0.502, 0.519~closed diamonds!, 0.534, 0.538, 0.543, 0.548~closed triangles!, 0.553, 0.558~closed
circles!, 0.566~stars!, and 0.573, 0.578, 0.583~open triangles!.
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the experimental time window by about one decade bey
that attained in previous work@4,5# in which these slow de-
cays were not detected. Similar slow decays have been
served in ‘‘glasses’’ of suspensions of cross-linked microg
@39#. Nonetheless, the mere escape of the slowest relaxa
processes from the experimental window might not in its
be considered adequate evidence for a glass transition.

To illustrate the change in the nature of the decay wh
the volume fraction of the suspension approaches and
exceeds 0.573, we show in Fig. 9 ISF’s forf50.566 and
0.583 at different waiting times,tw . The waiting time is the
d

b-
ls
on
lf

n
en

time the suspension is left undisturbed after tumbling bef
commencement of the DLS measurement. For the hig
volume fraction the downward curvature of the ISF’s e
tends to longer times astw is increased. Forf50.566 the
ISF’s coincide once a certain waiting time is exceeded.
should also point out that after thermal equilibration~about
15 min! of the suspensions in the spectrometer, ISF’s m
sured at lower volume fractions (f<0.558) are independen
of the waiting time.

We rationalize these observations as follows. Immediat
following the quench, effected here by tumbling, a susp
FIG. 7. Logarithm of the particle mean-squared displacements vs logarithm of~dimensionless! time, for volume fractions increasing from
left to right as indicated in Fig. 6.
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sion is in a state of nonequilibrium from which equilibriu
may or may not be attained. The polydispersity of the s
pensions, with the attendant high nucleation barrier rela
to that of a one-component system, ensures that the ens
relaxation processes are unlikely to be influenced by nu
ation. Should the quenched nonequilibrium fluid relax to
state of~metastable! equilibrium, then it would seem plau
sible that it does so by the same diffusive processes,
therefore on the same time scalet r , as structural relaxation
measured by the ISF’s. Forf<0.558, relaxation times ar
short compared with the experimental time, and the fact
the measured ISF’s are independent oftw indicates that these
pertain to fluids in states of~metastable! equilibrium. By the
same token, the waiting time dependence of the ISF’s
suspensions at the higher volume fractions in excess offg
50.57 suggests these remain in states of nonequilibrium
fact, they do so for many weeks, before settling of the p
ticles becomes appreciable. The sample atf50.566 lies at
the crossroads. For this case the relaxation time is com
rable with the measurement time, but once this is excee
i.e., tw.t r , the fluid has attained~metastable! equilibrium
since from then on the measured ISF’s are independen
the waiting time. Accordingly we identifyfg as the volume
fraction of the ergodic to nonergodic~or glass! transition, the
volume fraction where the colloidal fluid falls out of equilib
rium.

D. Comparison with theory

Cumminset al. have recently presented a fairly exhau
tive classification and critical review of the theories that d
scribe dynamical properties of materials in the vicinity of t
GT @40#. Among these, mode-coupling theory~MCT! stands
out as the most detailed in terms of predictions; when
idealized version of MCT is applied to the hard-sphere s

FIG. 8. Short-~open symbols! and long-~closed symbols! time
diffusion coefficients, defined in Eq.~7!, vs volume fraction. Dia-
monds are the data from Ref.@16# and circles are the results from
this work. The upper and lower solid curves, respectively, repre
the predictions forDs andDl from Ref. @44#, and the dashed curv
is the function (12f/fg)2.6, predicted by MCT, withfg50.57.
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tem, all parameters, save an overall scaling time, require
specify the relaxation functions are given@41#.

An alternative theory developed specifically to descr
the GT in colloidal suspensions of hard spheres was rece
proposed by Tokuyamaet al. @42#. This theory calculates the
self-ISF from a linear diffusion equation while the syste
progresses from an initial nonequilibrium state to equil
rium. It follows that once equilibrium is attained, the IS
becomes a single exponential in time. We face two diffic
ties when attempting to discuss our results in terms of
theory. The first is that the ISF’s deviate appreciably from
single exponential under conditions in which the samp
are, as far as we can ascertain experimentally, in state
~metastable! equilibrium. The second is that, while one cou
possibly explore the dissipation of the initial nonequilibriu
quenched state very close to the GT (f&fg), we see no

nt

FIG. 9. Self-intermediate scattering functions vs logarithm
~dimensionless! time for ~a! f50.583 for waiting timestw given
by log10(tw)55.2 ~diamonds!, 6.7 ~circles!, 7.5 ~triangles! and ~b!
f50.566 for log10(tw)55.3 ~diamonds!, 6.6 ~circles!, 7.1 ~tri-
angles!.
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experimental means at present to unambiguously determ
the initial nonequilibrium condition, the volume fraction di
tribution f(r ), required by the theory.

MCT, on the other hand, describes relaxation of the IS
by means of a nonlinear equation for systems in equilibriu
Therefore, this theory is predicated on conditions that co
spond to those of the above experiments and it seems ap
priate to discuss our results in terms of MCT.

Scaling of the data in time forf<0.566 so that they
coincide at long times~Fig. 10! illustrates time-density su
perposition and indicates that about 90% of the relaxatio
due to the primarya process. The time-scaled ISF’s coincid
at long times with the stretched exponential functio
f c(q)exp@2(t/te)

b# with f c(q)50.9360.01 and b50.95
60.02. MCT predicts that the nonergodicity parameter,
amplitude of thea process, for the self-ISF at the wave ve
tor, given by qR51.3, is f c(q)50.95 @13,41#. The initial
10% of the relaxation is due to the small-scale diffusive m
tions and, in the terminology of MCT, theb process. Theq2

scaling of lnFs(q,t), shown in Sec. III A, is also consisten
with the idealized version of MCT@43#.

In Fig. 8 one sees that the long-time diffusion coefficie
are compatible with the power lawDl;(12f/fg)g with
g52.6 predicted by MCT@13#. Here we use the experimen
tal value for the GT volume fractionfg50.57. Small-scale
~microscopic! details have not been taken into account
MCT so far and, thus, this theory makes no prediction for
short-time diffusion coefficient, Ds . The theory of
Tokuyama and Oppenhein@44#, on the other hand, purport
to account for the hydrodynamic interactions among col
dal hard spheres and, as seen in Fig. 8, the predictions of
theory for bothDs andDl are compatible with the data up t
aboutfg . However, given the noise in the experimental e
timates ofDl and the fact that they decrease sharply as
GT is approached, the comparisons displayed in Fig. 8
not present very sensitive tests of the theoretical predictio
In an alternative approach, bearing in mind that asympt

FIG. 10. Self-intermediate scattering functions as functions
the logarithm of the rescaled time,t/ta . The solid curve represent
the function,f c exp@2(t/ta)b#, with f c50.93 andb50.95.
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cally close to the GT a power lawDl;(12f/fg)g is pre-
dicted by both MCT (g52.6) and the theory of Tokuyam
and Oppenheim (g52) for the long-time diffusion coeffi-
cient, we determine the optimum linear fit of log10 Dl versus
log10(12f/fg)g while treatingfg andg as free parameters
The result of this analysis, shown in Fig. 11, givesfg
50.57160.001 andg52.760.1. Interestingly, a similar re-
sult, fg50.57260.001 andg52.960.1, is obtained when
applying this analysis to the inverse of the scaling times,ta ,
required to cause the ISF’s in Fig. 6 to coincide at long tim
as shown in Fig. 11.

In Ref. @4# it is shown that the coherent ISF’s also satis
this time-density superposition principle and that the cor
sponding scaling times,ta8 , are independent of the wav
vector. Application of the above fitting procedure to (ta8 )21,
also shown in Fig. 11, givesfg50.57260.001 andg52.8
60.2. Figure 11 therefore indicates that when the relaxa
rates of thea process, determined from either the coheren
self-ISF’s, and the long-time self-diffusion coefficients a
forced to a power-law dependence on the quantity
2f/fg), the values offg obtained agree with that wher
the ergodic to nonergodic transition is observed and the
ponents obtained are consistent with the valueg52.6 pre-
dicted by MCT @13#. The theory of Oppenheim an
Tokuyama@44#, on the other hand, constructed specifica
for hard-sphere suspensions, predicts an exponentg52. The
equality of power-law exponents associated with relaxat
rates and diffusion coefficients, as predicted by MCT a
confirmed here, is not supported by computer simulations
binary mixtures with Lennard-Jones interactions@45#.

E. Crystallization and the glass transition

When our measurements are augmented by results o
cent computer simulations, we see behavior, although
greater microscopic detail, similar to crystallization and gla

f FIG. 11. Logarithms of the~long-time! self-diffusion coeffi-
cients,Dl ~squares!, and the relaxation rates,ta

21 ~circles!, vs the
quantity (12f/fg). The pluses indicate relaxation rates obtain
from the coherent intermediate scattering functions in Ref.@4#. See
text for further details.
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formation in metals and metal alloys. The latter behavio
usually discussed in terms of classical nucleation and gro
models@46# and we shall attempt likewise. For this purpo
we use the most rudimentary expression for the nuclea
rate,

R;tn
21exp~2DG* !, ~14!

whereDG* (;h3/Dm2) is the nucleation barrier relative t
the mean thermal energy,h is the surface tension of th
crystal-fluid interface, andDm is the difference between th
chemical potentials of the crystal and fluid. It has been de
onstrated elsewhere@4,5# that homogeneous nucleation d
mands large-scale particle diffusion. Accordingly we assu
Dl;tn

21. A fluid is unstable to nucleation, i.e.,DG* ,1,
once a certain degree of undercooling is exceeded.~Applying
available computer simulation data for the surface tens
and chemical potentials of crystal and fluid phases, one
tains for hard spheres, for example,DG* ,1 when
f*0.56@47#.! Once nucleated crystal growth proceeds wi
out thermodynamic resistance according to the Wils
Frenkel law@12#,

G;tg
21@12exp~Dm!#, ~15!

at speedstg
21 proportional to the mean thermal velocity

atomic systems@46,48# and proportional to the short-tim
diffusion coefficient,DS @Eq. ~7!#, in the case of colloidal
systems@49#. Quenching a fluid to a point where large-sca
diffusion is arrested is therefore not necessarily sufficien
produce an experimentally viable glass. Macroscopic im
rities or nonequilibrium structures, necessarily induced wh
quenching through the range of temperatures or dens
where the fluid is unstable to nucleation, may seed cry
growth.

Addition of ~microscopic! impurities, in the case of met
als @46#, for example, or broadening the PSD, in the case
colloids @6#, improves the glass-forming tendency for tw
reasons. First, inclusion of small amounts of a second c
ponent slows nucleation without appreciable influence on
long-time particle dynamics@14#, i.e., the relaxation time
appearing in Eq.~14!. Therefore, the formation of critically
sized nuclei requires motions on a scale comparable to
interparticle spacing irrespective of whether one is dea
with a one- or multicomponent fluid. If, as is the case in
eutectic forming mixture, partitioning of species is requir
on solidification, then, to a first approximation, this requir
ment enters Eq.~14! through an increase inDG* . Second,
the limiting growth velocity,tg

21, is likely to be determined
by the large-scale diffusion coefficient,Dl , rather than the
small-scale diffusion coefficient,Ds , once an appreciable
fraction, possibly of order 10%, of particles is required to
partitioned on solidification.
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IV. CONCLUSIONS

We have presented measurements of self-intermed
scattering functions for suspensions, with hard-sphere-
interactions, in shear-melted amorphous states. The slow
down of particle diffusion observed with increasing volum
fraction and its arrest atfg50.57 are consistent with the
behavior deduced from earlier measurements of coheren
termediate scattering functions on similar suspensions.

The nucleation barrier and kinetic resistance to crys
growth have been increased, although not entirely by des
by increasing the width of the PSD sufficiently to obta
experimentally viable metastable fluids and glasses with
actually suppressing crystallization completely under all c
ditions. In turn, this has permitted measurements of the IS
extending to longer delay times than previously, witho
concern for the possible effects of crystallization, and h
exposed very slow, waiting-time-dependent decays in
glass phase,f.fg50.57.

Work prior to that of this paper showed that provided t
PSD is sufficiently narrow and shaped, so that fractionat
of the components required for crystal formation@9,50# is
not too great, crystal growth, significant in extent but slow
time, still occurs on nonequilibrium structures induced by t
shear-melting process. It seems that in these cases cr
growth requires motions that are small compared with
interparticle spacing and the quenched-in structures pro
the seeds by which the nonequilibrium glass channels its
to the stable equilibrium crystal. In the present work the
channels are effectively closed by further broadening of
PSD.

We close with the conjecture that a hypothetical susp
sion of perfectly identical~hard! spheres is fundamentally n
different from a one-component atomic system in that
glass of either, while having large-scale diffusion arrested
unstable to crystal growth. Such growth may proceed a
rate proportional to the~root-mean-squared! thermal velocity
in the case of an atomic system or the local~short-time!
diffusion coefficient in a colloidal suspension. As indicat
in Sec. III B, the latter motion still persists in the glass. The
mal or shear quenching through the range of temperature
densities where the liquid is unstable to nucleation will ne
essarily produce nonequilibrium structures in the glass, so
of which may seed crystal growth. It seems that increas
the quench rate only serves to increase the probability
inducing suitably structured and positioned seeds@51#.
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